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HOMOTOPY STRUCTURES OF SMOOTH CW
COMPLEXES
TADAYUKI HARAGUCHI
Abstract. In this paper we present the notion of smooth CW com-
plexes and study their homotopy structures on the category of diffeo-
logical spaces. In particular, we will introduce the homotopy extension
property, the cellular approximation theorem and the Whitehead theo-
rem on smooth CW complexes.
1. Introduction
The homotopy theory on the category of topological spaces has a long
history in algebraic topology. This theory corresponds to the flexible prop-
erty such as continuous maps between topological spaces. However, as the
notion of smooth structure lacks flexibility, smooth manifolds are incompat-
ible with this theory. For example, Let ∂Inbe the boundary of the n-cube
In and let Ln−1 be the horn ∂In−1×I∪In−1×{0}. Then the fact that Ln−1
is not a smooth deformation retract of In makes the argument of smooth
homotopy theory slightly harder compared to the case of topological homo-
topy theory. In [10] Souriau introduced the notion of diffeological spaces as
a generalization of smooth manifolds. In this article we give the notion of
smooth CW complexes as a class of diffeological spaces which can deal with
smooth homotopy theory. And, in smooth CW complexes, we introduce the
homotopy extension property, the cellular approximation property and the
Whitehead theorem known as important properties in topological homotopy
theory.
We describe the idea necessary to discuss smooth homotopy theory. In
order to solve the above problem, we introduce the notion of tame property
(cf. [1, Definition 3.8]). By using this property, any tame map f : Ln−1 → X
can be extended to a tame f˜ : In → X (Proposition 3.7 and Proposition 3.9).
These properties contribute to the argument of smooth homotopy theory.
This paper is organized as follows. In section 2 we review the basic prop-
erties of diffeological spaces (cf. [4]). In section 3 we introduce the notions of
smooth homotopy groups of diffeological spaces and discuss their fundamen-
tal properties. In particular, we introduce the existence of homotopy long
exact sequence associated with the pair of diffeological spaces (see Proposi-
tion 3.10). In section 4, we discuss the properties of the weak diffeology (cf.
[1, page 14]) which applies to the weak topology of topological spaces.
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In section 5 we introduce the notion of a smooth CW complex X with
its characteristic maps from In to X. We call X gathered if all attaching
maps from ∂In to X are tame. In particular, the product space of smooth
relative CW complexes is a smooth relative CW complex (Proposition 5.3).
But in general this condition is not always satisfied in the case of topological
CW complexes. In section 6 we will prove that any relative gathered CW
complex has the homotopy extension property (Lemma 6.1). By giving
the notion of N -connectedness (see Definition 6.3), we further develop this
theory. In section 7 we shall show the cellular approximation theorem on
relative gathered CW complexes (see Theorem 7.2), that is, for any smooth
map between relative gathered CW complexes, there exists a cellular map
(see Definition 7.1) such that they are homotopic. In section 8 we prove
the Whitehead theorem on gathered CW complexes (see Theorem 8.6), that
is, any weak homotopy equivalence (see Definition 8.5) between pairs of
gathered CW complexes is a homotopy equivalence.
2. Preliminaries on Diffeology
In this section we introduce the necessary topics of diffeological spaces for
this paper.
Definition 2.1 ([10]). A diffeological space is a set X together with a
family D of maps from open subsets of Euclidean spaces into X satisfying
the following conditions:
D1 Every constant parametrization U → X belongs to D.
D2 A parametrization P : U → X belongs to D if for any u in U
there exists an open neighborhood W of u such that the restriction
P |W : W → X belongs to D.
D3 For any P : U → X in D and for any smooth map Q : W → U be-
tween open subsets of Euclidean spaces, the composite P ◦Q : W →
X belongs to D.
We call D a diffeology of X, and each member of D a plot of X. A
map f : X → Y between diffeological spaces is called smooth if for any plot
P : U → X of X, the composite f ◦P : U → Y is a plot of Y . Let us denote
by Diff the category consisting of diffeological spaces and smooth maps.
We describe various diffeologies and the properties related to them below.
Subset Diffeology. Let A be a subset of a diffeological space X. Then A
has a diffeology, called the subset diffeology, consisting of parametrizations
P : U → A such that the composition i ◦ P : U → X is a plot of X, where
i : A → X is the inclusion map. Equipped with the subset diffeology, A is
called a subspace of X.
Product Diffeology. Let {Xλ}λ∈Λ be a family of diffeological spaces. Then
the product Πλ∈ΛXλ has a diffeology, called the product diffeology, consist-
ing of parametrizations P : U → Πλ∈ΛXλ such that the composite πλ ◦
P : U → Xλ is a plot of Xλ for each λ ∈ Λ, where πλ :
∏
λ∈ΛXλ → Xλ
is the natural projection. Equipped with the product diffeology, the set
Πλ∈ΛXλ is said to be the diffeological product of Xλ.
Sum Diffeology. Let {Xλ}λ∈Λ be a family of diffeological spaces. Then
the sum
∐
λ∈ΛXλ has a diffeology, called the sum diffeology, consisting of
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parametrizations P : U →
∐
λ∈ΛXλ satisfying the following condition. For
any r in U there exist an index λ ∈ Λ, an open neighborhood V and a plot
Qλ : V → Xλ of Xλ such that the restriction of P to V coincides with the
composite iλ : Xλ →
∐
λ∈ΛXλ is the inclusion map. Equipped with the sum
diffeology, the set
∐
λ∈ΛXλ is called the diffeological sum of Xλ.
Subduction. We say that a smooth surjective map π : X → Y is a sub-
duction if for any plot P : U → Y , for any r ∈ U , there exist an open
neighborhood V of r and a plot Q : V → X of X such that the restriction
of P to V coincides with the composite π ◦Q.
We have the basic property of subductions.
Lemma 2.2 ([4, 1.51]). Let X, Y and Z be three diffeological spaces. Let
π : X → Y be a subduction. A map f : X → Z is smooth if and only if f ◦ π
is smooth.
Quotient Diffeology. Let π : X → Y be a surjective map from a diffeolog-
ical space X to a set Y . Then the set Y has a diffeology, called the quotient
diffeology, consisting of parametrizations P : U → Y satisfying the following
condition. For any r in U , there exist an open neighborhood V and a plot
Q : V → X of X such that the restriction of P to V coincides with the
composite π ◦Q. The set Y equipped with the quotient diffeology is called
the quotient space or the diffeological quotient of X. Then the projection π
is a subduction.
Functional Diffeology. Let X and Y be two diffeological spaces and let
C∞(X,Y ) be the set of smooth maps from X to Y . Then the set C∞(X,Y )
has a diffeology, called the functional diffeology, consisting of parametriza-
tions P : U → C∞(X,Y ) such that for any plot Q : V → X of X, the
composite of P ×Q with the evaluation map ev
U × V
P×Q
−−−→ C∞(X,Y )×X
ev
−→ Y
is a plot of Y , where ev is defined by ef(f, x) = f(x).
More generally, we have the following convenient properties of the cate-
gory Diff .
Theorem 2.3 ([10]). The category Diff is complete, cocomplete and carte-
sian closed.
Let f1 : X1 → Y and f2 : X2 → Y be smooth maps between diffeological
spaces. We denote by f1
⋃
f2 the composition
X1
∐
X2
f1
∐
f2
// Y
∐
Y
▽
// Y,
where ▽ is the folding map of Y
∐
Y onto Y .
Gluing Diffeology ([8]). Let X1 and X2 be diffeological spaces and let A
be a subspace of X2. For any smooth map f : A → X1, there exists the
following pushout diagram
A
f
//
∩

X1
i

X2
Φf
// X1 ∪f X2.
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The pushout X1 ∪f X2 obtained by gluing X2 to X1 along f has the gluing
diffeology which is the quotient diffeology of the sum diffeology on X1
∐
X2.
Since i
⋃
Φf : X1
∐
X2 → X1 ∪f X2 is a subduction, we have the following.
Lemma 2.4. A parametrization P : U → X1∪fX2 is a plot if and only if for
any r ∈ U there exist an open neighborhood V of r and a plot Qj : V → Xj
of Xj such that P |V = (i
⋃
Φf ) ◦Qj holds, where j is either 1 or 2.
Proposition 2.5 ([1, Lemma 4.12]). The map
(i× 1I)
⋃
(Φf × 1I) : (X1 × I)
∐
(X2 × I)→ (X1 ∪f X2)× I
is a subduction.
Proof. Let P : U → (X1 ∪f X2) × I be a plot of (X1 ∪f X2) × I given by
P (r) = (Q(r), Q′(r)), and let r ∈ U . Since Q is a plot of X1 ∪f X2, there
exists a plot Qj : V → Xj of Xj such that Q|V = (i
⋃
Φf ) ◦ Qj holds by
Lemma 2.4, where j is either 1 or 2. Then we have
P |V =
(
(i× 1I)
∐
(Φf × 1I)
)
◦
(
Qj × (Q
′|V )
)
.
Hence (i× 1I)
⋃
(Φf × 1I) is a subduction. 
Every diffeological space has the following topology.
D-topology ([3]). Let X be a diffeological space. We say that a subset A of
X is D-open if for every plot P : U → X, P−1(A) is open in U . The family
consisting of all D-open sets form a topology on X called the D-topology.
We will denote the closure of a subset B of X by B. Then B is the smallest
D-closed set containing B.
3. Homotopy groups of diffeological spaces
In this section we present homotopy groups for diffeological spaces in a
slightly different manner than the one given in [4]. And we introduce the
notion of “tame” as the important property to discuss smooth homotopy
theory.
Let Rn be the n-dimensional Euclidean space equipped with the standard
diffeology consisting of all smooth parametrizations of Rn. Let I be the
unit interval [0, 1] equipped with the subset diffeology of the real line R.
Let f0, f1 : X → Y be smooth maps between diffeological spaces. We say
that f0 and f1 are homotopic, written f0 ≃ f1, if there is a smooth map
F : X × I → Y such that F (x, 0) = f0(x) and F (x, 1) = f1(x) hold for
every x ∈ X. Such a smooth map F is called a homotopy between f0 and
f1. The homotopy relation ‘≃’ is an equivalence relation. The equivalence
classes with respect to the homotopy relation is called homotopy classes.
We denote the set of homotopy classes of smooth maps from X to Y by
[X,Y ]. A smooth map f : X → Y is called a homotopy equivalence if there
is a smooth map g : Y → X satisfying g ◦ f ≃ 1 and f ◦ g ≃ 1. We say
that X and Y are homotopy equivalent, written X ≃ Y , if there exists a
homotopy equivalence f : X → Y . Similarly, we say that two smooth maps
f0, f1 : (X,X1, · · · ,Xn) → (Y, Y1, · · · , Yn) are homotopic, written f0 ≃ f1,
if there exists a homotopy
F : (X × I,X1 × I, · · · ,Xn × I)→ (Y, Y1, · · · , Yn)
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between f0 and f1. We denote the set of homotopy classes of smooth maps
from (X,X1, · · · ,Xn) to (Y, Y1, · · · , Yn) by
[X,X1, · · · ,Xn;Y, Y1, · · · , Yn].
A smooth map f : (X,X1, · · · ,Xn) → (Y, Y1, · · · , Yn) is called a homotopy
equivalence if there is a smooth map g : (Y, Y1, · · · , Yn) → (X,X1, · · · ,Xn)
such that g ◦ f ≃ 1 and f ◦ g ≃ 1 hold. We say that (X,X1, · · · ,Xn)
and (Y, Y1, · · · , Yn) are homotopy equivalent, written (X,X1, · · · ,Xn) ≃
(Y, Y1, · · · , Yn), if there exists a homotopy equivalence f : (X,X1, · · · ,Xn)→
(Y, Y1, · · · , Yn).
We define the n-th homotopy set of a diffeological space. Let us denote
by ∂In the boundary of the cube In, and let
Ln−1 = ∂In−1 × I ∪ In−1 × {0} and Jn−1 = ∂In−1 × I ∪ In−1 × {1}
for n ≥ 1. We regard In, ∂In, Ln−1 and Jn−1 as subspaces of Rn.
Definition 3.1. Given a pointed diffeological space (X,x0), we put
πn(X,x0) = [I
n, ∂In;X,x0], n ≥ 0.
Similarly, given a pointed pair of diffeological spaces (X,A, x0), we put
πn(X,A, x0) = [I
n, ∂In, Jn−1;X,A, x0], n ≥ 1.
For n ≥ 1, πn(X,x0) is a group and π0(X,x0) is the set of path com-
ponents π0X. If n ≥ 2, it is abelian. For n ≥ 2, πn(X,A, x0) is a group.
If n ≥ 3, it is abelian. Clearly πn(X,x0) is isomorphic to πn(X,x0, x0) for
n ≥ 1. Moreover, for every smooth map f : (X,A, x0) → (Y,B, y0), the
induced map
f∗ : πn(X,A, x0)→ πn(Y,B, y0)
is a group homomorphism.
A subspace A is called a retract of a diffeological space X if there exists
a smooth map γ : X → A such that γ(a) = a for all a ∈ A. Such a smooth
map γ : X → A is called a retraction. We say that A is a deformation retract
of X if there exists a retraction γ : X → A such that the composition i ◦ γ
and the identity 1X : X → X are homotopic relative to A, where i : A→ X
is the inclusion. In the case of topological spaces, it is clear that Ln−1
is a retract of In. The fact contributes to the development of topological
homotopy theory. But in the case of diffeological spaces, Ln−1 is not a
retract of In. Thus we introduce the following properties to argue smooth
homotopy theory (cf. [1]).
Definition 3.2 ([1, Definition 3.8]). Let f : K → X be a smooth map from a
cubical subcomplex K of In (e.g. In, ∂In, Ln−1 and Jn−1) to a diffeological
space X. Suppose 0 < ǫ < 12 . Then f is called to be ǫ-tame if we have
f(t1, · · · tj−1, tj , tj+1, · · · , tn) = f(t1, · · · tj−1, α, tj+1, · · · , tn)
for every (t1, · · · , tn) ∈ K and α ∈ {0, 1} such that |tj − α| ≤ ǫ holds.
Lemma 3.3 ([1, Lemma 3.10]). Suppose 0 ≤ σ < τ ≤ 12 . Then there
exists a non decreasing smooth function Tσ,τ : I → I satisfying the following
conditions.
(1) Tσ,τ (t) = 0 for t ≤ σ,
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(2) Tσ,τ (t) = t for τ ≤ t ≤ 1− τ ,
(3) Tσ,τ (t) = 1 for 1− σ ≤ t, and
(4) Tσ,τ (1− t) = 1− Tσ,τ (t) for all t.
We use the abbreviation “tame” to mean ǫ-tame for some ǫ > 0. A
homotopy H : X × I → Y is called tame if there exists an ǫ > 0 such that
H(x, t) = H(x, 0) for 0 ≤ s ≤ ǫ and H(x, s) = H(x, 1) for 1 − ǫ ≤ s ≤ 1.
A homotopy H : In × I → Y is called gathered if the restriction of H to
∂In × I is tame.
Proposition 3.4. Let f0 and f1 be smooth maps from I
n to a diffeological
space Y such that their restrictions to ∂In are tame. Then f0 and f1 are
homotopic if and only if there exists a gathered homotopy G : In × I → Y
between f0 and f1.
Proof. Let F be a homotopy between f0 and f1. Suppose the restrictions of
f0 and f1 to ∂I
n are ǫ0 and ǫ1-tame, respectively. Let ǫ = min{ǫ0, ǫ1}. We
define Ki : I
n × I → Y by
Ki(t, s) = fi
(
(1− Tǫ′,ǫ)t+ Tǫ′,ǫ(s)T
n
ǫ′,ǫ(t)
)
,
where i is either 0 or 1. Let us define G : In × I → Y by
G(t, s) =


K0(t, 3s), 0 ≤ s ≤
1
3
F ◦ T n+1ǫ′,ǫ (t, 3s − 1),
1
3 ≤ s ≤
2
3
K1(t,−3s + 3),
2
3 ≤ s ≤ 1.
Then G is a homotopy between f0 and f1 such that the restriction of G to
∂In × I is ǫ′-tame. 
Corollary 3.5. Let f0, f1 : X → Y be smooth maps between diffeological
spaces. Then f0 and f1 are homotopic if and only if there exists a tame
homotopy G : X × I → Y between f0 and f1.
Hereafter, in this paper, without loss of generality we assume that a ho-
motopy is either gathered or tame by Proposition 3.4 and Corollary 3.5.
Let K be a cubical subcomplex of In and let 0 < ǫ < 12 . Let us define Kǫ
by putting
Kǫ = {(t1, · · · , tn ∈ K | tj ∈ ∂I ∪ [ǫ, 1− ǫ], 1 ≤ j ≤ n}.
A subspace Kǫ of K is called ǫ-chamber. A map I
n → Ln−1 is called an
ǫ-approximate retraction if it restricts to the identity on Ln−1ǫ .
Lemma 3.6 ([1, Lemma 3.12]). There is an ǫ-approximate retraction Rǫ : I
n →
Ln−1. Moreover, Rǫ can be taken to be σ-tame for any σ satisfying 0 < σ <
ǫ.
Proposition 3.7 ([1, Proposition 3.13]). Any ǫ-tame map f : Ln−1 → X
can be extended to an ǫ-tame f˜ : In → X.
Clearly, we have the following.
Lemma 3.8. Let h0 : X → Y be a smooth map between diffeological spaces.
Let H : A× I → Y be a tame homotopy satisfying H(a, 0) = h0(a), where A
is a subspace of X. Then a map H˜ : A× I ∪X × {0} → Y defined by
H˜(t, s) =
{
H(t, s), (t, s) ∈ A× I
h0(t), (t, s) ∈ X × {0}
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is smooth, where A× I ∪X × {0} is a subspace of X × I.
Proposition 3.9. Let f : Ln−1 → X be a smooth map such that the re-
striction of f to ∂In × I is ǫ-tame. Then f can be extended to a homotopy
g : In−1 × I → X.
Proof. Let us define F : In−1 × [0, ǫ2 ]→ X by
F (t, s) = f
(
T˜ (s)t+ (1− T˜ (s))T n−1ǫ
2
,ǫ
(t)
)
,
where T˜ : [0, ǫ2 ] → I is given by T˜ (s) = Tǫ, 1
2
(2s
ǫ
). Then a smooth map F
satisfies F (t, s) = f(t) for (t, s) ∈ ∂In−1× [0, ǫ2 ]. A map F
′ : ∂In−1× [ ǫ2 , 1]∪
In−1 × { ǫ2} → X given by
F ′(t, s) =
{
f(t, s), (t, s) ∈ ∂In−1 × [ ǫ2 , 1]
f ◦ T n−1ǫ
2
,ǫ
(t), (t, s) ∈ In−1 × { ǫ2}.
is smooth by Lemma 3.8. By Proposition 3.7, we obtain a tame map
F˜ : In−1× [ ǫ2 , 1]→ X which extends F
′. Thus a homotopy g : In−1× I → X
given by
g(t, s) =
{
F (t, s), 0 ≤ s ≤ ǫ2
F˜ (t, s), ǫ2 ≤ s ≤ 1
extends f . 
For any pointed pair of diffeological spaces (X,A, x0), let
i∗ : πn(A, x0)→ πn(X,x0) and j∗ : πn(X,x0)→ πn(X,A, x0)
be the maps induced by the inclusions (A, x0)→ (X,x0) and (X,x0, x0)→
(X,A, x0), respectively. Let
∆: πn(X,A, x0)→ πn−1(A, x0) (n ≥ 1)
be the map which takes the class of φ : (In, ∂In, Jn−1) → (X,A, x0) to the
class its restriction φ|In−1 : (In−1, ∂In−1)→ (A, x0). Here we identify I
n−1
with In−1 × {0} ⊂ In. Clearly, ∆ is a group homomorphism for n ≥ 2.
Since any element of the homotopy group has a tame representative, we
can obtain the homotopy exact sequence by Proposition 3.9.
Proposition 3.10 ([1, Proposition 3.14]). Let (X,A, x0) be a pointed pair
of diffeological spaces. Then there exists an exact sequence
· · · → πn+1(X,A, x0)
∆
−→ πn(A, x0)
i∗−→ πn(X,x0)
j∗
−→ πn(X,A, x0)
∆
−→ · · ·
· · · → π1(X,A, x0)
∆
−→ π0(A, x0)
i∗−→ π0(X,x0).
4. The weak diffeology of diffeological spaces
In this section we discuss the properties of the weak diffeology (cf. [1,
page 14]) to make homotopy structures of smooth CW complexes easy to
argue.
Definition 4.1. Let X be a diffeological space. Let {Xλ}λ∈Λ be a cover
consisting of subspaces of X. We say that X has the weak diffeology with
respect to {Xλ}λ∈Λ if for any plot P : U → X, for any r ∈ U , there exist an
open neighborhood V of r and a plot Qλ : V → Xλ such that P |V = iλ ◦Qλ
holds, where iλ : Xλ → X is the inclusion.
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Clearly, we have the following.
Corollary 4.2. Let X be a diffeological space and let {Xλ} be a D-open
cover of X. Then X has the weak diffeology with respect to {Xλ}.
Lemma 4.3. Suppose a diffeological space X has the weak diffeology with
respect to its covering {Xλ}λ∈Λ. A map f : X → Y between diffeological
spaces if and only if for each λ ∈ Λ the restriction f |Xλ : Xλ → Y is smooth.
Proof. Let P : U → X be a plot of X. Since X has the weak diffeology with
respect to {Xλ}λ∈Λ, for any r ∈ U there exist an open neighborhood V of
r and a plot Qλ : U → Xλ of Xλ such that P |V = iλ ◦Qλ holds. Then we
have
f ◦ P |V = f ◦ iλ ◦Qλ = f |Xλ ◦Qλ.
Thus f is smooth since the restriction of f ◦ P to V is a plot of Y . 
Proposition 4.4. Suppose diffeological spaces X and Y have the weak dif-
feology with respect to its coverings {Xλ}λ∈Λ and {Yλ′}λ′∈Λ′, respectively.
Then X × Y has the weak diffeology with respect to {Xλ × Yλ′}(λ,λ′)∈Λ×Λ′ .
Proof. Let P : U → X×Y be a plot of X×Y , where P (r) = (PX(r), PY (r))
for any r ∈ U . Then there exist a plot Qλ : VX → Xλ of Xλ and a plot
Q′λ : VY → Yλ′ of Yλ′ such that P |VX = iXλ ◦ Qλ and P |VY = iYλ ◦ Q
′
X ,
respectively. Let us define Q(λ,λ′) : VX ∩ VY → Xλ × Yλ′ by Q(λ,λ′)(r) =
(Qλ(r), Qλ′(r)). Then we have P |VX ∩ VY = (iλ × iλ′) ◦Q(λ,λ′). 
We have the following by Proposition 4.4.
Corollary 4.5. Let X and Y be diffeological spaces. If X has the weak
diffeology with respect to its covering {Xλ}λ∈Λ, X×Y has the weak diffeology
with respect to its covering {Xλ × Y }λ∈Λ.
Suppose the following sequence consists of inclusions:
X0 → X1 → · · ·Xn−1 → Xn → · · ·
Then we have the followings.
Lemma 4.6 ([1, Lemma 5.3]). colimXn has the weak diffeology with respect
to its covering {Xn}n≥0.
Lemma 4.7. Let V n be a D-open set of Xn satisfying V n ∩Xn−1 = V n−1
for each n ≥ 0. Then colimV n is a D-open set of colimXn.
Proof. Let P : U → colimXn be a plot. For any r ∈ P−1(colimV n), there
exist an open neighborhood V and a plot Q : V → Xn such that P |V = in◦Q
holds by Lemma 4.6. Then we have
r ∈ (P |V )−1(colimV n) = Q−1(V n) ⊂ P−1(colimV n).
Thus P−1(colimV n) is D-open in colimXn since Q−1(V n) is open in U . 
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5. smooth CW complexes
In this section we introduce the notion of smooth CW complexes and
discuss their fundamental properties.
Definition 5.1. (i) We say that a pair of diffeological spaces (X,A) is a
smooth relative CW complex if there exists a sequence of inclusions
A = X−1
i0−→ X0
i1−→ · · ·Xn−1
in−→ Xn → · · ·
such that the natural map X−1 → colimXn coincides with the inclusion
A→ X, and for each n ≥ 0 there exists a pushout square
∐
λ∈Λn
∂In
⋃
φλ
//
∩

Xn−1
in
∐
λ∈Λn
In ⋃
Φλ
// Xn,
that is, Xn is a union of pushouts Xn−1 ∪φλ I
n. For all λ ∈ Λn, φλ and Φλ
are called attaching and characteristic maps, respectively. In particular, if
A = ∅ then X is called a smooth CW complex, or simply a CW complex.
(ii) We say that a relative CW complex (X,A) has dimension n, written
dim(X,A) = n, if X = Xn holds.
(iii) A relative CW complex is called gathered if all attaching maps are
tame.
(iv) A subspace A of a CW complex X is called a subcomplex if it is a
CW complex such that all characteristic maps of A are characteristic maps
of X. Then the pair (X,A) can be viewed as a relative CW complex.
Let (X,A) be a relative CW complex. Since Xn = (Xn−1
∐
λ∈Λn
In)/ ∼
holds for each n, the natural map
in
⋃
λ∈Λn
Φλ : X
n−1
∐
λ∈Λn
In → Xn
is a subduction by the properties of the quotient diffeology and the sum
diffeology (see section 2). Moreover X has the weak diffeology with respect
to its covering {Xn}n≥−1 by Lemma 4.6.
Lemma 5.2. Let (X,A) be a relative CW complex. Then P : U → X is
a plot of X if and only if for any r ∈ U there exist λ ∈ Λn, an open
neighborhood W of r, and a plot Qλ : W → I
n such that P |W = jn ◦Φλ ◦Qλ
holds, where jn : X
n → X is the inclusion. If n = −1 holds, then Φλ is the
identity of A.
Proof. Let P : U → X be a plot of X. By Lemma 4.6, for any r in U
there exist n ≥ −1 and a plot Q : V → Xn satisfying P |V = jn ◦Q, where
jn : X
n → X is the inclusion. Without loss of generality we may assume
n = min{k ≥ −1 | P (r) ∈ Xk}. Since in
⋃
λ∈Λn
Φλ : X
n−1
∐
λ∈Λn
In → Xn
is a subduction, there exists a plot Qλ : W → I
n such that Φλ ◦Qλ = Q|W
holds. Thus we have P |W = jn ◦Q|W = jn ◦Φλ ◦Qλ. 
Proposition 5.3. Let (X,A) and (Y,B) be relative CW complexes. Then
(X × Y,A×B)
10 T. HARAGUCHI
Proof. Let p and q be integers greater than or equal to zero. For each n ≥ 0,
let us consider Zn = Zn−1 ∪n=p+q (X
p × Y q) equipped with the subset
diffeology of X × Y , where Z−1 = A × B. Then there exists the following
sequence of inclusions
A×B = Z−1 → Z0 → · · · → Zn−1 → Zn → · · · .
Let Φλ : I
p → Xp and Φ′λ′ : I
q → Y q be characteristic maps of X and Y ,
respectively. Let us define
Ψ(λ,λ′) = Φλ × Φ
′
λ′ : I
p × Iq ∼= Ip+q → Xp × Y q.
Then in
⋃
n=p+q Ψ(λ,λ′) : Z
n−1
∐
n=p+q I
n → Zn is a subduction by Lemma
5.2. Thus (X×Y,A×B) is a smooth relative CW complex, since the natural
map colimZn → X × Y is a bijection and a subduction by Lemma 5.2. 
Remark. The product space of two relative gathered CW complexes is not
generally gathered since its attaching maps are not tame.
Proposition 5.4. Let (X,A) be a relative CW complex. Then the quotient
space X/A is a CW complex with a vertex corresponding to A.
Proof. Since (X,A) is a relative CW complex, we have the following diagram
A = X−1
i0
//
π−1

X0
i1
//
π0

· · ·
in−1
// Xn−1
in
//
πn−1

Xn
in+1
//
πn

· · ·
∗
i˜0
// X0/A
i˜1
// · · ·
i˜n−1
// Xn−1/A
i˜n
// Xn/A
i˜n+1
// · · · ,
where πn : X
n → Xn/A is the quotient map for each n ≥ −1 and the
inclusion i˜n : X
n−1/A → Xn/A is the induced map for each n ≥ 0. By the
property of quotient maps, we have the following pushout diagram
∐
λ∈Λn
∂In
∩

∐
λ∈Λn
(πn−1◦φλ)
// Xn−1/A
i˜n
∐
λ∈Λn
In ∐
λ∈Λn
(πn◦Φλ)
// Xn/A.
Then the induced map colimXn/A→ X/A is a diffeomorphism since it is a
bijection and a subduction by Lemma 5.2. Thus X/A is a CW complex. 
Corollary 5.5. Let (X,A) be a relative gathered CW complex. Then X/A
is a gathered CW complex with a vertex corresponding to A.
Theorem 5.6. Let (X,A) be a relative gathered CW complex. Let C be a
D-open set of X satisfying A ⊂ C. Then there exists a D-open set B of X
such that the following conditions.
(1) A is a deformation retract of B.
(2) A ⊂ B ⊂ B ⊂ C holds.
Proof. Suppose we inductively construct a D-open set Bn−1 of Xn−1 and
a τ -tame homotopy Fn−1 : Bn−1 × I → Bn−1 relative to A such that the
following conditions.
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(1) A ⊂ Bn−1 ⊂ B
n−1
⊂ C and Bn−1 ∩Xn−2 = Bn−2.
(2) Fn−1(b, 0) = b, Fn−1(b, 1) ∈ A and Fn−1|Bn−2 × I = Fn−2.
Let φλ : ∂I
n → Xn−1 be an attaching map satisfying ǫλ-tame, and let
Φλ : I
n → Xn−1 ∪φλ I
n be a characteristic map. By taking ǫ′λ < ǫλ small
enough, there exists an open set Wǫ′
λ
of In such that(
Φλ ◦ T
n
ǫ′
λ
,ǫλ
|In \ [ǫ′λ, 1− ǫ
′
λ]
n
)−1
(Bn−1) =Wǫ′
λ
⊂W ǫ′
λ
⊂ Φ−1λ (C).
The pushout Bn−1 ∪φλ Wǫ′λ is D-open in X
n. Let us define a homotopy
Fλ : Wǫ′
λ
× I → Bn−1 ∪φλ Wǫ′λ by
Fλ(t, s) =
{
Gλ(t,
2
τ
s), 0 ≤ s ≤ τ2
Fn−1(φλ(t), s),
τ
2 ≤ s ≤ 1,
where Gλ(t, s) = Φλ
(
(1− Tǫλ, 12
(s))t+ Tǫλ, 12
(s)T n
ǫ′
λ
,ǫλ
(t)
)
. By Lemma 2.2
and Proposition 2.5, there exists a tame homotopy Fnλ : B
n × I → Bn such
that the following diagram commutes
(Bn−1 × I)
∐
λ∈Λn
(Wǫ′
λ
× I)
Fn−1
⋃
λ Fλ
//
(in×1I )
⋃
λ(Φλ×1I)

Bn
Bn × I
∃Fn
44
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
where Bn is a D-open set ∪λ∈ΛnB
n−1 ∪φλ Wǫ′λ of X
n satisfying A ⊂ Bn ⊂
B
n
⊂ C. Then it satisfies
Fn(b, 0) = b, Fn(b, 1) ∈ A and Fn|Bn−1 × I = Fn−1.
Thus, by Lemma 4.3, Corollary 4.5 and Lemma 4.6, we have a D-open set
B = colimBn of X and a homotopy F = colimFn : B× I → B relative to A
such that A ⊂ B ⊂ B ⊂ C, F (b, 0) = b and F (b, 1) ∈ A hold. 
Remark. The notion of smooth CW complexes is also introduced in the
following conditions. In [5] and [6], Kihara gives the notion of smooth CW
complexes in the process of introducing a model structure on the category of
diffeological spaces. Then all characteristic maps of a smooth CW complex
X are defined by smooth maps from n-simplex ∆n to X for all n ≥ 0.
In [2, Appendix A], Iwase and Izumida introduce the notion of a smooth
CW complex X with its characteristic maps from n-disk Dn to X for each
n ≥ 0. Since ∆n, Dn and In are not diffeomorphic, the characteristic maps
of a smooth CW complex need to be properly defined for the purpose of
discussion.
6. The homotopy extension property
In this section we prove that relative gathered CW complexes have the
homotopy extension property. Moreover we develop this theory by giving
the notion of N -connectedness for diffeological spaces.
Lemma 6.1 (Homotopy extension property). Let (X,A) be a relative gath-
ered CW complex. Suppose we are given a smooth map f : X → Y and
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a homotopy h : A × I → Y satisfying h(a, 0) = f(a). Then there exists a
homotopy H : X × I → Y such that H|A× I = h and H(x, 0) = f(x) hold.
Proof. Suppose we inductively construct a tame homotopy Hn−1 : Xn−1 ×
I → Y satisfying Hn−1(x, 0) = f(x) and Hn−1|Xn−2 × I = Hn−2, where
H−1 = h holds. For each λ ∈ Λ, let φλ : ∂I
n → Xn−1 and Φλ : I
n → Xn be
attaching and characteristic maps, respectively. A map Hλ : ∂I
n × I ∪ In ×
{0} → Y defined by
Hλ(t, s) = H
n−1(φλ(t), s) and Hλ(t, 0) = f(Φλ(t)).
is smooth by Lemma 3.8. Then there exists a gathered homotopy H˜λ : I
n ×
I → Y extending Hλ by Proposition 3.9. Thus, by Lemma 2.2 and Proposi-
tion 2.5, there exists a homotopy Hn : Xn × I → Y such that the following
diagram commutes.
(Xn−1 × I)
⋃
λ∈Λn
(In × I)
Hn−1
⋃
λ H˜λ
//
(in×1I)
⋃
λ(Φλ×1I)

Y
Xn × I
∃Hn
44
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
Then it satisfies Hn(x, 0) = f(x) and Hn|Xn−1 × I = Hn−1. Let us define
H : X × I → Y by H|Xn × I = Hn. Then H is smooth by Lemma 4.3,
Corollary 4.5 and Lemma 4.6. 
Theorem 6.2. Let (X,A) be a relative gathered CW complex and let (Y,B)
be a pair of diffeological spaces. Suppose f0, f1 : (X,A)→ (Y,B) are homo-
topic, where the image of f1 is contained in B. Then there exists a smooth
map h1 : (X,A) → (Y,B) such that f0 and h1 are homotopic relative to A
and the image of h1 is contained in B.
Proof. Let F : (X × I,A× I)→ (Y,B) be a tame homotopy between f0 and
f1. Let us define G : A×I → B by G(a, t) = F (a, 1− t). Then there exists a
tame homotopy H : X× I → B satisfying H(x, 0) = f1(x) and H|A× I = G
by Lemma 6.1. Let h1 : X → B be the restriction of H to X × {1}. Let us
define H ′ : X × I → Y by
H ′(x, t) =
{
F (x, 2t), 0 ≤ t ≤ 12
H(x, 2t− 1), 12 ≤ t ≤ 1.
Let µ(t) = Tǫ, 1
2
(2t)−Tǫ, 1
2
(2t−1) and define H˜ : A×I×I → B by H˜(a, t, s) =
H ′(a, (1−Tǫ, 1
2
(s))µ(t)). Then it satisfies H˜(a, t, 0) = H ′(a, µ(t)), H˜(a, t, 1) =
f0(a) and H˜(a, t, s) = f0(a) for (a, t, s) ∈ A × ∂I × I. Then there exists a
tame homotopy K : X × I × I → Y such that K(x, t, 0) = H ′(x, µ(t)) holds
and the restriction of K to A × I × I is H˜ by Lemma 6.1. Thus we have
F ′ : X × I → Y defined by
F ′(x, t) =


K(x, 0, 3t), 0 ≤ t ≤ 13
K(x, 3t− 1, 1), 13 ≤ t ≤
2
3
K(x, 1, 3 − 3t), 23 ≤ t ≤ 1.
Then it is a homotopy relative to A between f0 and h1. 
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Definition 6.3 ( (cf. [7, Chapter 10])). We say that a diffeological space
X is N -connected if πn(X,x0) = 0 for each 0 ≤ n ≤ N . Clearly, X is
0-connected if and only if it is path connected. We say that a pair of dif-
feological spaces (Y,B) is N -connected if π0B → π0Y is surjective and
πn(Y,B, b) = 0 for 1 ≤ n ≤ N and all b ∈ B.
We have the basic extension property.
Proposition 6.4. Let (X,A) be a N -dimensional relative gathered CW
complex and let Y be a (N − 1)-connected space. Then any smooth map
f : A→ Y can be extended to a smooth map f˜ : X → Y .
Proof. Suppose we inductively construct a smooth map f ′ : Xn−1 → Y
which extends f . For each λ ∈ Λn, let φλ : ∂I
n → Xn−1 and Φλ : I
n → Xn
be attaching and characteristic maps, respectively. Since Y is (N − 1)-
connected, there exists a tame map Hλ : ∂I
n × I → Y between f ′ ◦ φλ and
the constant map Cy0 with value y0 ∈ Y . Let us define H
′
λ : J
n → Y by
H ′λ(t, s) =
{
Hλ(t, s), (t, s) ∈ ∂I
n × I
y0, (t, s) ∈ I
n × {1}.
Then there exists a gathered homotopy H˜λ : I
n × I → Y which extends H ′λ
by Proposition 3.9. We define f ′λ : I
n → Y by f ′λ(t) = H˜λ(t, 1). By Lemma
2.2, we have a smooth map f˜ : Xn → Y such that the following diagram
commutes.
Xn−1
∐
λ∈Λn
In
f ′
⋃
λ f
′
λ
//
in
⋃
λ Φλ

Y
Xn
∃f˜
55
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
❦
Then f˜ extends f . 
Proposition 6.5. Let (X,A) be a N -dimensional relative gathered CW
complex. Let f : (X,A) → (Z,C) be a smooth map between pairs of dif-
feological spaces. If a pair (Z,C) is N -connected, there exists a smooth map
g : (X,A) → (Z,C) such that f and g are homotopic relative to A and the
image of g is contained in C.
Proof. Let x in X0 \ A. Since a pair (Z,C) is N -connected, there exists a
tame path fx : I → Z satisfying fx(0) = f(x) and fx(1) in C. Let us define
F 0 : X0 × I → Z by
F 0(x, t) =
{
fx(t), (x, t) ∈ (X
0 \ A)× I
f(x), (x, t) ∈ A× I.
Then it is smooth since X0 \A is discrete. Thus it is a homotopy relative to
A satisfying F 0(x, 1) ∈ C. Suppose we inductively construct a smooth map
gn−1 : (Xn−1, A)→ (Z,C) and a gathered homotopy Fn−1 : Xn−1 × I → Z
such that gn−1(Xn−1) ⊂ C, Fn−1(x, 0) = f(x), Fn−1(x, 1) = gn−1(x) and
Fn−1|Xn−2 × I = Fn−2. Let φλ : ∂I
n → Xn−1 and Φλ : I
n → Xn be
attaching and characteristic maps, respectively. Let us define a smooth map
Fλ : ∂I
n × I ∪ In × {0} → Z by
Fλ(t, s) =
{
Fn−1(φλ(t), s), (t, s) ∈ ∂I
n × I
f(Φλ(t)), (t, s) ∈ I
n × {0}.
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Then Fλ can be extended to an ǫ-gathered homotopy F˜λ : I
n × I → Z by
Proposition 3.9. Let fλ : (I
n, ∂In) → (Z,C) be the restriction of F˜λ to
In × {1}. By using the properties of N -connected and Theorem 6.2, there
exist a smooth map gλ : I
n → C and a gathered homotopy F˜ ′λ : I
n × I → Z
relative to ∂In between fλ and gλ. Let us define Gλ : I
n × I → Z by
Gλ(t, s) =
{
F˜λ(t, s), 0 ≤ s ≤
2−ǫ
2
F˜ ′λ(t,
2s−2+ǫ
ǫ
), 2−ǫ2 ≤ s ≤ 1.
Since (in × 1I)
⋃
λ∈Λn
(Φλ × 1I) is a subduction by Proposition 2.5, there
exists a smooth map Fn : Xn × I → Z such that the following diagram
commutes.
(Xn−1 × I)
∐
λ∈Λn
(In × I)
Fn−1
⋃
λGλ
//
(in×1I)
⋃
λ(Φλ×1I )

B
Xn × I.
∃Fn
44
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
Then it is a homotopy satisfying Fn(x, 0) = f(x), Fn(x, 1) = gn(x) ∈
C and Fn|Xn−1 × I = Fn−1. Let us define g : (X,A)→ (Z,C) and F : X ×
I → Z by g|Xn = gn and F |Xn × I = Fn, respectively. Then g and F are
smooth by Lemma 4.3, Corollary 4.5 and Lemma 4.6. Thus f and g are
homotopic relative to A and the image of g is contained in C. 
7. The cellular approximation theorem
In this section we prove the cellular approximation theorem on relative
gathered CW complexes.
Definition 7.1. Let (X,A) and (Y,B) be two relative CW complexes. Then
a smooth map f : (X,A) → (Y,B) is said to be cellular if f(Xn) ⊂ Y n for
all n.
Then we have the following theorem.
Theorem 7.2 (Cellular approximation theorem). Let f : (X,A) → (Y,B)
be a smooth map between relative gathered CW complexes. Then there exists
a cellular map g : (X,A)→ (Y,B) such that f and g are homotopic relative
to A.
To prove the above theorem, we need the following.
Lemma 7.3. Let (X,A) be a finite relative gathered CW complex. Let
f : Im → X be a smooth map such that the restriction of f to ∂Im is tame
and f(∂Im) is contained in Xm−1. Then if dim(X,A) = n > m holds, there
exists a smooth map f ′ : Im → X such that f and f ′ are homotopic relative
to ∂Im and the image of f ′ is contained in Xn−1.
Proof. For each λ ∈ Λn, let φλ : ∂I
n → Xn−1 and Φλ : I
n → Xn be attaching
and characteristic maps, respectively. Let p be a center point of In. Since
X \ Φλ(p) is a D-open set of X, there exists a D-open set B of X and a
retraction γλ : B → X \ Φλ(IntI
n) such that X \ Φλ(IntI
n) ⊂ B ⊂ B ⊂
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X \ Φλ(p) by Theorem 5.6. Then the set {f
−1(B), f−1(Φλ(IntI
n))} is an
open cover of Im. Let us written a subcube KJ of I
m by
KJ =
[
j1 − 1
k
,
j1
k
]
× · · · ×
[
jm − 1
k
,
jm
k
]
,
where J = (j1, · · · , jm) ∈ {1, · · · , k}
m. By taking k large enough, we may
assume f(KJ) is contained in either B or Φλ(IntI
n). Then we have a smooth
map f1 : I
m → X satisfying the following conditions.
(1) f and f1 are homotopic.
(2) The restriction f1|KJ : KJ → X is tame under the evident diffeo-
morphism Im ∼= KJ .
(3) f1(KJ) is contained in either B or Φλ(IntI
n).
LetM1 andM2 be the sets of labels J such thatf1(KJ ) is contained in B and
Φλ(IntI
n), respectively. Let us written K(M1) = ∪J∈M1KJ and K(M2) =
∪J∈M2KJ . Then we can regard K(M1) and K(M2) as subcomplexes of I
m.
Since we have
πN (Φλ(IntI
n), B ∩ Φλ(IntI
n)) ∼= πN (D
n, Sn−1) ∼= πN−1(S
n−1) = 0
for all N ≤ n − 1, A pair (Φλ(IntI
n), B ∩ Φλ(IntI
n)) is (n − 1)-connected.
By Proposition 6.5 there exists a smooth map f2 : K(M2)→ B ∩Φλ(IntI
n)
and a tame homotopy F : K(M2) × I → Φλ(IntI
n) between the restriction
f1|K(M2) and f2 relative to K(M1) ∩K(M2). We define a gathered homo-
topy F ′ : Im × I → X by
F ′(t, s) =
{
f1(t), (t, s) ∈ K(M1)× I
F (t, s), (t, s) ∈ K(M2)× I.
Let us define f3 : I
m → X by the restriction of F ′ to Im × {1}. Then the
image of f3 is contained in B. Thus we have
f ≃ f1 ≃ f3 ≃ γλ ◦ f3.
By repeating similar argument, there exists a smooth map f˜ : Im → X
satisfying f ≃ f˜ and f˜(Im) ⊂ Xn−1. Thus, by Theorem 6.2, we have a
smooth map f ′ : Im → X such that f and f ′ are homotopic relative to ∂Im
and the image of f ′ is contained in Xn−1. 
We are now ready to prove Theorem 7.2.
Proof of Theorem 7.2. Since X0 \ A is discrete, we can construct a tame
homotopy F 0 : X0 × I → Y relative to A such that F 0(x, 0) = f(x) and
F 0(x, 1) ∈ Y 0 by Lemma 7.3. Suppose we inductively construct a cellular
map gn−1 : Xn−1 → Y and a tame homotopy Fn−1 : Xn−1 × I → Y such
that
Fn−1(x, 0) = f(x), Fn−1(x, 1) = gn−1(x) and Fn−1|Xn−2 × I = Fn−2.
For each λ ∈ Λn, let φλ : ∂I
n → Xn−1 and Φλ : I
n → Xn be attaching and
characteristic maps, respectively. Let us define Fλ : L
n → Y by
Fλ(t, s) =
{
Fn−1(φλ(t), s), (t, s) ∈ ∂I
n × I
f(Φλ(t)), (t, s) ∈ I
n × {0}.
Then it is smooth by Lemma 3.8. There exists a τ -gathered homotopy
F ′λ : I
n × I → Y which extends Fλ by Proposition 3.9. Let gλ : I
n → Y
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be the restriction of F ′λ to I
n × {1}. Then gλ(∂I
n) is contained in Y n−1.
Since In is a compact set, the image of gλ is contained in finite relative
subcomplex of (Y,A). Thus, by Lemma 7.3, there exists a smooth map
g′λ : I
n → Y n ⊂ Y and a gathered homotopy Gλ : I
n × I → Y between gλ
and g′λ relative to ∂I
n. We define a gathered homotopy F˜λ : I
n × I → Y by
F˜λ(t, s) =
{
F ′λ(t, s), 0 ≤ s ≤
2−τ
2
Gλ(t,
2
τ
(s− 1) + 1), 2−τ2 ≤ s ≤ 1.
Then it satisfies F˜λ(t, 0) = f(Φλ(t)), F˜λ(t, 1) = g
′
λ(t), and F˜λ(t, s) =
Fn−1(φλ(t), s) for (t, s) ∈ ∂I
n × I. Since (i × 1I)
⋃
λ∈Λn
(Φλ × 1I) is a sub-
duction, there exists a homotopy Fn : Xn × I → Y such that the following
diagram commutes by Lemma 2.2 and Proposition 2.5.
(Xn−1 × I)
∐
λ∈Λn
(In × I)
Fn−1
⋃
λ F˜λ
//
(in×1I)
⋃
λ(Φλ×1I)

Y
Xn × I.
∃Fn
44
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
✐
Let us define a homotopy F : X × I → Y by F |Xn × I = Fn for all n ≥ 0.
Then it is smooth by Lemma 4.3, Corollary 4.5 and Lemma 4.6. Thus we
have a cellular map g : (X,A) → (Y,B) such that f and g are homotopic
relative to A. 
8. The Whitehead theorem
In topological homotopy theory, the Whitehead theorem states that if a
continuous map f between topological CW complexes induces isomorphisms
on all homotopy groups, then f is a homotopy equivalence (cf. [11, Theorem
6]). In this section we shall show the Whitehead theorem on gathered CW
complexes. We introduce the notion of the following to prove this theorem.
Definition 8.1. We say that a smooth map φ : X → Y between diffeological
spaces is a N -equivalence if for all x ∈ X the induced map
φ∗ : πn(X,x)→ πn(Y, φ(x))
is bijective for 0 ≤ n < N and surjective for n = N . A smooth map
φ : (X,A) → (Y,B) between pairs of diffeological spaces is called a N -
equivalence if φ : X → Y and φ0 : A → B are N -equivalences, where φ0
is the restriction φ|A.
Let φ : X → Y be a smooth map. We define the mapping cylinder Mφ of
φ by the quotient space (X×I
∐
Y )/ ∼, where ‘∼’ is the equivalent relation
identifying (x, 0) ∼ φ(x) for all x ∈ X. Then we have the quotient map
πφ : X × I
∐
Y →Mφ. We observe that φ coincides with the composite
X
i
−→Mφ
γ
−→ Y,
where i(x) = (x, 1), and where γ(y) = y on Y and γ(x, s) = φ(x) on X × I.
Clearly, Y is a deformation retract of Mφ.
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Lemma 8.2. Let (Z,C) be a N -dimensional relative gathered CW complex.
Let φ : X → Y be a N -equivalence. Let f ′ : C → X and g : Z → Y be two
smooth maps such that φ ◦ f ′ = g|C holds. Then there exists a smooth map
f : Z → X such that φ ◦ f and g are homotopic relative to C.
Proof. Let Mφ be the mapping cylinder of φ. Since φ is a N -equivalence,
for every x ∈ X the induced map
i∗ : πn(X,x)→ πn(Mφ, x)
is bijective for 0 ≤ n < N and surjective for n = N . Then we have
πn(Mφ,X, x) = 0 for 1 ≤ n ≤ N by Proposition 3.10. Moreover the induced
map i∗ : π0(X)→ π0(Mφ) is surjective since φ is N -equivalence. Thus a pair
(Mφ,X) is N -connected. A tame homotopy H : C × I → Mφ given by the
composite πφ ◦ (f
′ × Tǫ, 1
2
) satisfies H(z, 0) = j ◦ g(z) and H(z, 1) = i ◦ f ′(z)
for z ∈ C, where j : Y → Mφ is the inclusion. By Lemma 6.1 there ex-
ists a tame homotopy H ′ : Z × I → Mφ satisfying H
′(z, 0) = j ◦ g(z) and
H ′|C×I = H. Let g′ : (Z,C)→ (Mφ,X) be the restriction of H
′ to Z×{1}.
By Proposition 6.5, there exists a smooth map f : (Z,C) → (Mφ,X) such
that g′ and f are homotopic relative to C and the image of f is contained
in X. Then we have the following conditions:
f |C = g′|C = f ′ and g ≃ γ ◦ g′ ≃ γ ◦ f = φ ◦ f rel C.

Proposition 8.3. Let φ : (X,A) → (Y,B) be a N -equivalence. Let (Z,C)
be a pair of gathered CW complexes. Then the induced map
φ∗ : [Z,C;X,A] → [Z,C;Y,B]
is bijective for dimZ < N and surjective for dimZ ≤ N .
Proof. Let dimZ ≤ N . Let g : (Z,C) → (Y,B) be a smooth map and let
g0 be the restriction of g to C. By Lemma 8.2 there exist a smooth map
f0 : C → A and a tame homotopy G0 : C × I → B between g0 and φ0 ◦ f0,
where φ0 is the restriction of φ to A. By Lemma 6.1 there exists a gathered
homotopy G : Z × I → Y satisfying G(z, 0) = g(z) and G|C × I = G0.
The restriction g˜ : (Z,C) → (Y,B) of G to Z × {1} satisfies φ0 ◦ f0 = g˜|C.
By Lemma 8.2 there exists a smooth map f : (Z,C) → (X,A) satisfying
g˜ ≃ φ ◦ f rel C. Then we have g ≃ g˜ ≃ φ ◦ f : (Z,C) → (Y,B). Thus φ∗ is
surjective.
Let dimZ < N . Let f and f ′ be smooth maps (Z,C) → (X,A) such
that φ ◦ f and φ ◦ f ′ are homotopic. Then there exists a tame homotopy
G : (Z × I, C × I) → (Y,B) between φ ◦ f and φ ◦ f ′. Let G0 be the
restriction of G to C× I. Let us define K0 : C× ∂I → A by K0(z, 0) = f(z)
and K0(z, 1) = f
′(z). By Lemma 8.2 there exist tame homotopy maps
F0 : C × I → A and G
′
0 : C × I × I → B between G0 and φ0 ◦ F0 relative to
C×∂I . By Lemma 6.1 there exists an ǫ-tame homotopy G˜′ : Z× I× I → Y
satisfying G˜′(z, t, 0) = G(z, t) and G˜′|C × I × I = G′0. We define a tame
18 T. HARAGUCHI
homotopy G˜′′ : (Z × I, C × I)→ (Y,B) by
G˜′′(z, t) =


G˜′
(
z, 0, 2t
ǫ
)
, 0 ≤ t ≤ ǫ2
G˜′(z, t, 1), ǫ2 ≤ t ≤
2−ǫ
2
G˜′
(
z, 1, 2−2t
ǫ
)
, 2−ǫ2 ≤ t ≤ 1.
Then it satisfies G˜′′(z, 0) = φ ◦ f(z), G˜′′(z, 1) = φ ◦ f ′(z) and G˜′′|C × I =
φ0 ◦ F0. Let us define F˜0 : Z × ∂I ∪ C × I → X by
F˜0(z, 0) = f(z), F˜0(z, 1) = f
′(z) and F˜0|C × I = F0.
Then φ ◦ F˜0 = G˜
′′ holds. By Lemma 8.2 there exists a homotopy F : (Z ×
I, C × I)→ (X,A) between f and f ′. Hence φ∗ is injective. 
Theorem 8.4. Let (X,A) and (Y,B) be two pairs of gathered CW complexes
and let N = max{dimX,dimY }. Let φ : (X,A) → (Y,B) be a smooth
map such that for x ∈ X, a ∈ A and 0 ≤ n ≤ N , the induced maps
φ∗ : πn(X,x) → πn(Y, φ(x)) and φ0∗ : πn(A, a) → πn(B,φ(a)) are bijective,
where φ0 is the restriction of φ to A. Then φ : (X,A)→ (Y,B) is homotopy
equivalence.
Proof. By Proposition 8.3 the induced map
φ∗ : [Y,B;X,A]→ [Y,B;Y,B]
is surjective. Thus there exists a homotopy inverse ψ : (Y,B) → (X,A)
satisfying φ ◦ ψ ≃ 1Y : (Y,B) → (Y,B). Then we have φ∗ ◦ ψ∗ = 1Y ∗
and φ0∗ ◦ ψ0∗ = 1B∗, where φ0 and ψ0 are the restrictions φ|A and ψ|B,
respectively. Hence for each 0 ≤ n ≤ N the induced maps
ψ∗ : πn(Y, y)→ πn(X,ψ(y)) and ψ0∗ : πn(B, b)→ πn(A,ψ(b))
are bijective. By Proposition 8.3 the induced map
ψ∗ : [X,A;Y,B]→ [X,A;X,A]
is surjective. Thus there exists a smooth map φ′ : (X,A)→ (Y,B) satisfying
ψ ◦ φ′ ≃ 1X : (X,A)→ (X,A). Then we have the following condition:
φ′ ≃ 1Y ◦ φ
′ ≃ φ ◦ ψ ◦ φ′ ≃ φ ◦ 1X ≃ φ.
Hence φ is a homotopy equivalence since ψ◦φ ≃ 1X and φ◦ψ ≃ 1Y hold. 
Finally, we introduce the Whitehead theorem on smooth CW complexes.
Definition 8.5. We say that a smooth map φ : X → Y between diffeological
spaces is a weak homotopy equivalence if for all x ∈ X the induced map
φ∗ : πn(X,x)→ πn(Y, φ(x))
is bijective for n ≥ 0. A smooth map φ : (X,A) → (Y,B) between pairs of
diffeological spaces is called a weak homotopy equivalence if φ : X → Y and
φ|A : A→ B are weak homotopy equivalences.
Clearly, we have the followings by Theorem 8.4.
Theorem 8.6 (Whitehead theorem). If a smooth map φ : (X,A) → (Y,B)
between pairs of gathered CW complexes is a weak homotopy equivalence,
then it is a homotopy equivalence.
Corollary 8.7. If a smooth map φ : X → Y between gathered CW complexes
is a weak homotopy equivalence, then it is a homotopy equivalence.
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